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Abstract
In many astrophysically relevant situations radiation reaction force acting upon a charge can not
be neglected and the question arises about the location and stability of circular orbits in such regime.
Motion of point charge with radiation reaction in flat spacetime is described by Lorenz-Dirac (LD)
equation, while in curved spacetime – by DeWitt-Brehme (DWB) equation containing the Ricci term
and the tail term. We show that for the motion of elementary particles in vacuum metrics the DWB
equation can be reduced to the covariant form of the LD equation which we use here. Generically,
the LD equation is plagued by runaway solutions, so we discuss computational ways to avoid this
problem in constructing numerical solutions. We also use the first iteration of the covariant LD
equation which is the covariant Landau-Lifshitz equation, comparing results of these two approaches
and showing smallness of the third-order Schott term in the ultrarelativistic case. We calculate the
corresponding energy and angular momentum loss of a particle and study the damping of charged
particle oscillations around an equilibrium radius. We find that depending on the orientation of the
Lorentz force, the oscillating charged particle either spirals down to the black hole, or stabilizes the
circular orbit by decaying its oscillations. The later case leads to an interesting new result of shifting
of the particle orbit outwards from the black hole. We also discuss the astrophysical relevance of the
presented approach and provide estimations of the main parameters of the model.
Subject headings: black hole physics, magnetic fields, radiation reaction
1. INTRODUCTION
Synchrotron radiation emitted by a charged particle
leads to appearance of the back-reaction force which can
significantly affect its motion. The purpose of this pa-
per is to study the motion of charged particles in the
combined magnetic and gravitational fields, taking into
account the radiation reaction force. There is convincing
evidence that magnetic fields are indeed present in the
vicinity of black holes. The observations of the Galac-
tic Centre (Eatough et al. (2013)) have demonstrated the
existence of strong magnetic field of hundred Gauss in the
vicinity of the supermassive black hole at the Galactic
centre. Recent studies of the quasi-periodic oscillations
(QPOs) observed in the black hole microquasars have
shown possible signatures of Galactic magnetic fields in
the vicinity of three microquasars (Kolosˇ et al. (2017)),
if ”magnetic” generalizations of the geodesic models of
twin high frequency (HF) QPOs (Stuchl´ık et al. (2013))
are applied to data. Observed HF QPOs and relativistic
jets in microquasars indicate the presence of an external
magnetic field, influencing both oscillations in the accre-
tion disk and creation of jets. The presence of radiation-
reaction force and its relevance in the vicinity of black
holes can make sufficient contribution for the shifts in
the QPO frequencies, which are usually observed. More-
over, the radiation reaction can support the accretion of
charged particles from accretion disk towards the black
hole. Depending on the magnitude of the external mag-
netic field, the radiation-reaction force can considerably
shift the stable orbits of a particle which can sufficiently
influence the predictions of black hole parameters.
The weakness of magnetic field in our study is under-
stood in the sense that it does not perturb the spacetime
metric; the corresponding condition on the field magni-
tude B in the vicinity of Schwarzschild black hole of mass
M reads (Gal’tsov & Petukhov (1978)):
B << BG =
c4
G3/2
M⊙
(
M⊙
M
)
∼ 1019
M⊙
M
Gauss . (1)
This weakness is compensated by large ratio e/m for
electrons and protons, whose motion will be essentially
affected by magnetic fields already of the order of few
gauss.
Study of the particle motion and electrodynam-
ics in magnetized black holes began long ago, see
e.g. Gal’tsov & Petukhov (1978); Blandford & Znajek
(1977), for a review of early results see Aliev & Gal’tsov
(1989). Equatorial orbits are of primary interest for
theory of accretion disks. It was shown that the in-
nermost stable circular orbits (ISCO) in the field of
magnetized black hole are shifted towards the hori-
zon (Gal’tsov & Petukhov (1978)) for suitable direction
of rotation. Recently, detailed studies of the equa-
torial motion of charged particles in weakly magne-
tized Schwarzschild and Kerr black holes were per-
formed in Frolov & Shoom (2010); Kolosˇ et al. (2015);
Tursunov et al. (2016), revealing a number of new types
of motion.
Estimates show that in many physically interesting
cases the radiation reaction force is non-negligible, and
2this has prompted us to consider what happens once the
reaction force is taken into account. The general prob-
lem of the synchrotron radiation and treatment of the
radiation-reaction force in curved spacetime was widely
studied in literature. Below, we remind only few of
them. The electromagnetic radiation emitted by rela-
tivistic particles in the presence of strong gravity has
been studied, e.g., in Poisson (2004); Johnston et al.
(1973); Zerilli (2000); Price et al. (2013). The problem
of synchrotron radiation in curved spacetime has been
studied, in Sokolov et al. (1983, 1978) using covarianti-
zation of the flat space results. Actually, we will use here
the same approach to describe the reaction force. For
the recent treatment of radiation reaction in flat space
see Gal’tsov & Spirin (2006) where the derivation of the
Shott term was given explicitly along the lines of the
Teitelboim idea to associate it with the Coulomb part of
the electromagnetic field of a point charge. It is worth
noting that the problem of the Shott contribution to re-
action force (the third derivative term) still remains the
source of discussion (see e.g. Poisson (2004)), so we will
touch it in this paper too.
Generalization of radiation reaction equation to curved
space was given by DeWitt & Brehme (1960). Their re-
sult (corrected by Hobbs (1968)) shows that radiation
reaction in curved spacetime is essentially non-local and
appeals to solve the integral equation. But contrary
to gravitational radiation reaction in collisions of black
holes, electromagnetic radiation from point particles can
still be simplified to a local theory.
Recently, generalization of the radiation reaction equa-
tion to higher dimensions was discussed in Gal’tsov
(2002); Gal’tsov & Spirin (2007) which may be rele-
vant to extra-dimensional models. Radiation from hy-
pothetical massless charges was considered in Gal’tsov
(2015) bringing new light on the relationship be-
tween the ultrarelativistic and the massless limits in
synchrotron radiation and radiation reaction equa-
tion. The motion of point particles with scalar,
electric and mass charges, has been reviewed in
Poisson (2004). The problem of radiation-reaction
for extended charged particles has been studied in
Cremaschini & Tessarotto (2011), its quantum aspects
are discussed in Cremaschini & Tessarotto (2015). Sta-
tistical treatment of the radiation-reaction problem is
given in Cremaschini & Tessarotto (2013). The problem
of gravitational self-force of test particles is summarized
in Barack (2014). Nevertheless, despite the active in-
terest in the topic, and comprehensive literature review,
the successful attempts to integrate the equations of mo-
tion in the curved background combined with external
electromagnetic fields is quite rare.
In spite of weakness of radiation reaction force in or-
dinary stellar astrophysical situations, it was found re-
cently that in high energy plasma processes in pulsar
magnetospheres, black-hole accretion disks, hot accre-
tion flows in X-ray Binaries and Active Galactic Nu-
clei, relativistic jets, and so on, which are dominated
by magnetic reconnection in plasma, radiation reaction
may play a crucial role. The new theory, named radiative
magnetic reconnection (for a recent review see Uzdensky
(2016)), predicts notable radiative effects in astrophysi-
cal reconnection such as radiation-reaction limits on par-
ticle acceleration, radiative cooling, radiative resistivity,
braking of reconnection outflows by radiation drag, radi-
ation pressure, viscosity, and even pair creation at high-
est energy densities. The radiative reconnection theory
is based on the flat-space description of radiation reac-
tion adapted to phenomena in strong gravitational fields
which is well justified in dense plasmas.
However, in the case of diluted media, when individ-
ual particle motion is relevant, it seems more adequate
to use description of radiation reaction in curved space-
time from the very beginning. This is the main goal of
the present paper. Here, we would like both to discuss
conceptual problems of such a description, and to analyse
numerically the modification of particle motion within a
simple model of weakly magnetized Schwarzschild black
hole. Classifying the motion of charged particles by the
given set of parameters, we find the explicit trajecto-
ries for each class of orbits and study the evolutions of
the particle energy, angular momentum, etc. Motion of
charged particles in the combined magnetic and gravi-
tatational field without radiation reaction reveals inter-
esting new types of trajectories. We intend to apply
the full machinery of curved spacetime radiation reaction
theory to these problems. We will also discuss possible
applications of our results in some astrophysical scenar-
ios.
The paper is organized as follows. In Sec. 2, we test
the dynamical equations with radiation reaction force
in flat spacetime using two main approaches and com-
pare the results. In Sec. 3, we present the properties of
the circular motion of non-radiating charged particles in
weakly magnetized Schwarzschild black hole, concentrat-
ing attention on the bounded orbits and charged parti-
cle oscillations. In Sec. 4, we give the general relativistic
treatment of the radiation-reaction force in curved space-
time, and under reasonable assumptions we give explicit
form of the equations of motion of charged particle in the
vicinity of Schwarzschild black hole immersed in exter-
nal asymptotically uniform magnetic field. In Sec. 5, we
analyse the trajectories of charged particles for different
classes of orbits and find the evolutions of the relevant
parameters of the system during and after the decay of
particle oscillations. Switching to the Gaussian units in
Sec. 6, we estimate the characteristic decay times of the
charged particle oscillations and discuss the relevance of
the model in astrophysical situations. We summarize our
results in Sec. 7.
Throughout the paper, we use the spacetime signature
(−,+,+,+), and the system of geometric units in which
G = 1 = c. However, for expressions having an astro-
physical relevance, we use the constants explicitly. Greek
indices are taken to run from 0 to 3.
2. RADIATION REACTION IN FLAT SPACETIME
For completeness, we first summarize the results of the
motion of charged particle in the flat spacetime. The
equation which describes the motion of charged particle
in magnetic field in general contains two forces
duµ
dτ
= fµL + f
µ
R, (2)
where fµL = (q/m)F
µνuν is the Lorentz force, F
µν =
∂µAν − ∂νAµ is the tensor of electromagnetic field and
uµ(τ) = dxµ/dτ is a four-velocity of the particle. The
3last term fµR is the radiation reaction force which in
the non-relativistic case has to lead to the expression
3q2
2m
d2uα
dτ2 . Moreover any force vector has to satisfy the
condition fµRuµ = 0. This implies that the correct co-
variant form of the expression for the radiation reaction
force is
fµR =
2q2
3m
(
d2uµ
dτ2
+ uµuν
d2uν
dτ2
)
. (3)
This expression was found by Dirac and motion equa-
tion is sometimes called as Lorentz-Abraham-Dirac
or Lorentz-Dirac (LD) equation. The first term
in the parentheses, also known as the Schott term,
arises from the particle electromagnetic momentum
(Gal’tsov & Spirin (2006)). The second term in paren-
theses is the radiation recoil term which corresponds to
the relativistic correction of the radiation reaction force.
The four-velocity of the charged particle satisfies the fol-
lowing equations
uαu
α = −1, uαu˙
α = 0, uαu¨
α = −u˙αu˙
α. (4)
Thus, the motion of radiating charge is described by a
third order differential equation in coordinates, rather
than habitual second order. This may lead to unphys-
ical solutions - the existence of pre-acceleration in the
absence of external forces. Even though the unphysi-
cal solutions can be removed by properly chosen initial
conditions, the integration of exact form of equations of
motion (2) and (3) is inconvenient due to the exponential
increase of the computational error in practical calcula-
tions.
However, one can reduce the order of LD equation by
the method proposed in Landau & Lifshitz (1975), i.e.,
by rewriting the self-force in terms of the external force
and the four-velocity of a particle. Substituting higher
order terms in (3) by the derivatives of the Lorentz force
we get the equation in the following form
duµ
dτ
= fµL +
2q2
3m
(δµα + u
µuα)
dfαL
dτ
. (5)
This equation, usually referred as Landau-Lifshitz (LL)
equation, has important consequences: it is of the sec-
ond order, does not violate the principle of inertia, and
the self-force vanishes in the absence of the external
(Lorentz) force, Rohrlich (2001); Poisson (1999). The
self-contained derivation of the equation (5) in terms of
retarded potentials is given in Poisson et al. (2011). The
equation (5) can be applied for the cases with any ex-
ternal force acting on a charged particle instead of the
Lorentz force. In case when fµL =
q
mF
µνuν , the radiation
reaction force can be rewritten in the form
fµR = kq˜
[
Fµν,αu
αuν + q˜(F
µνFνρ − F
βαFβρuαu
µ)uρ
]
,
(6)
where q˜ = q/m is the specific charge of the particle,
k = (2/3) q˜ q, and the comma in the first term denotes
the partial derivative with respect to the coordinate xα.
It was concluded in Spohn (2000) that using the LL equa-
tion is identical to imposing Dirac’s asymptotic condition
limτ→∞ u˙
µ = 0 to the LD equation. It was later con-
firmed by Rohrlich (2001) that the reduced form of the
equation of motion is exact, rather than approximative,
though LL equation was proposed in Landau & Lifshitz
(1975) as an approximative solution to the third order
LD equation. More details on the treatment of radia-
tion reaction of charged particles in flat spacetime can
be found in a book of Spohn (2004). In our numerical
study we found that the LL approximation is perfectly
applicable if the Schott term is small with respect to the
radiation recoil term, which is the case we consider here.
Below we show the representative example of the charged
particle motion in external uniform magnetic field, inte-
grating both LD and LL equations. Results of numerical
studies of LD and LL equations for the motion of charged
particle in uniform magnetic field in flat spacetime are
in accord with the analytical treatment of the radiation
reaction force performed in Spohn (2000).
2.1. Charged particle in uniform magnetic field
Let us consider the motion of a charged particle in a ho-
mogeneous magnetic field aligned along z-axis, such that
the independent nonvanishing component of the electro-
magnetic tensor is Fxy = B. We introduce the new pa-
rameter in the form B = qB/(2m), where the factor 1/2
is added in order to correspond to the similar parameter
introduced in the curved spacetime case.
Both LD and LL equations, lead to equivalent results,
differing in the number of initial conditions. In case of
LD equation, one needs to set the values of 9 constants -
arbitrary independent components of initial position, ve-
locity and the acceleration of the charged particle. The
three other constants are given by the normalization con-
dition (4). However, the direct integration of higher or-
der equations leads to the exponential increase of the
computational error in very short times. It is interest-
ing to note that the problem of the time dispersion er-
ror can be greatly reduced by integrating equations of
motion backwards in time. Similar method of solving
Lorentz-Dirac equations has been proposed in the past
by Huschilt & Baylis (1976).
On the other hand, the reduced-order equations of mo-
tion (5) can be written explicitly in the form
dux
dτ
=2Buy − 4kB2
(
1 + u2⊥
)
ux, (7)
duy
dτ
=−2Bux − 4kB2
(
1 + u2⊥
)
uy, (8)
duz
dτ
=−4kB2u2⊥u
z, (9)
dut
dτ
=−4kB2u2⊥u
t. (10)
Here u2⊥ = (u
x)2 + (uy)2 is square of the particle veloc-
ity in the plane orthogonal to the magnetic field and z
axis. The representative trajectory of radiating charged
particle corresponding to both LD and LL cases is shown
in Fig.1. Initial conditions are chosen as follows: initial
plane velocity is u⊥0 = 0.8c, velocity in vertical direction
is uz0 = 0.5c, magnetic field is aligned along z axis and
magnetic parameter is chosen to be B = 1, radiation pa-
rameter k = 0.01. The estimations of the parameters in
realistic situations are given in Sec 6. Energy and angu-
lar momentum loss leads to decay of the plane velocity of
the particle, while the vertical component remains con-
stant. Apparent deceleration along z axis shown in Fig.1
(solid thick curve in the middle plot), while no forces are
4Fig. 1.— Motion of radiating charged particle in flat spacetime. Left figure represents an example of 3D trajectory of charged particle.
Middle plot represents the evolution of different components of 3-velocity in proper time τ : the damping harmonic oscillations correspond
to ux (solid thin) and uy (dashed) components of velocity, tangential to them (dotted) is a plane velocity of a particle v⊥ orthogonal to z
axis, vertical uz component of velocity is shown by solid thick line and dot-dashed curve of the middle plot shows the evolution of 3-velocity
(
√
u2x + u
2
y + u
2
z). Right figure shows the change of the energy, angular momentum and gyroradius of charged particle in time t with respect
to the static observer. Energy decreases up to the certain value (12), while angular momentum and radius of gyration asymptotically tend
to zero.
applied in the z direction, appears only in the frame mov-
ing with the particle. The velocity with respect to the
static observer, vz = dz/dt ≡ uz/ut = const, remains
constant.
2.2. Energy and momentum loss
The rate of the energy loss of the particle can be eval-
uated from Eq.(10). Modifying it for a static observer,
we get
dE
dt
= −kB2q˜2u⊥(t)
2. (11)
Integrating this equation, one can obtain the energy of
the particle in a given moment of time. The evolution
of the energy in time is shown in Fig.1 for the given tra-
jectory. Thus the energy loss will be given only by the
change of the plane velocity u⊥ in time, while the kinetic
energy associated with the motion in the z-direction will
be conserved. The plane velocity u⊥ of the particle de-
creases in time and asymptotically tends to zero as rep-
resented by the dotted curve of the middle plot of Fig.1.
This implies that there exists an irreducible (specific) en-
ergy of radiating charged particle which corresponds to
the final state of the particle, having the following simple
form
E0 =
(
1− (vz0)
2
)− 1
2 , (12)
where vz0 is the vertical velocity of the particle along the
z-axis, measured by the static observers, which is con-
stant during the radiation process.
In order to find the rate of the angular momentum loss,
one can fix the motion in a plane by taking uz = 0. In
general, the specific angular momentum for the motion
in a plane is defined by the formula L = ρ2dφ/dτ + q˜Aφ,
where ρ is gyroradius of the particle trajectory. Re-
minding that dφ/dτ = u⊥γ/ρ and ρ = u⊥/ωL, where
ωL = qB/m ≡ 2B is the Larmor frequency, one can write
the specific angular momentum of the radiating charged
particle in given moment of time in the form
L =
u⊥(τ)
2
4B
[2γ(τ) + 1] , γ = (1 − u2⊥)
− 1
2 . (13)
Solving first two equations of motion (7) and (8), and
substituting into Eq.(13), we get the evolution of the an-
gular momentum in time, which is represented in Fig.1.
Unlike the energy of the particle, the angular momentum
asymptotically tends to zero for large τ . This occurs due
to the reason that the gyroradius ρ of the charged parti-
cle tends to zero as well, while L is proportional to ρ.
One can find the ratio between the angular momentum
loss L˙ = dL/dt and the energy loss E˙ = dE/dt in the form
L˙
E˙
= r2Ω
u2⊥ + 1
u2
⊥
. (14)
where Ω is the angular frequency of the charged particle
measured by the observers at rest. In Cartesian coordi-
nates Ω takes the form
Ω =
xy˙ − yx˙
x2 + y2
, (15)
where dots denote the derivative with respect to the co-
ordinate time t.
2.3. Decay time
One can find the characteristic time required to decay
the energy of a radiating charged particle in the following
way. Since the velocity in the magnetic field direction is
constant, one can consider only the planar motion of the
particle by taking uz = 0. This implies that according
to condition uαuα = −1, we get u
2
⊥ = (u
t)2 − 1. Thus,
equation (10) can be rewritten in the form
dE
dτ
= −K
(
E3 − E
)
, K = 4kB2. (16)
5Integrating this equation, we get the particle energy in a
given moment of time
E(τ) =
Eie
Kτ√
1 + E2i (e
2Kτ − 1)
, (17)
where the integration constant Ei is the initial specific
energy of the particle. Asymptotically in time the spe-
cific energy tends to the particle rest energy, being equal
to 1. Thus, the decay time during which the specific en-
ergy will be lowered from Ei to Ef due to radiation takes
the following form
T =
1
2K
ln
E2f (E
2
i − 1)
E2i (E
2
f − 1)
. (18)
where K = 4kB2. Since the energy in (17) is the expo-
nentially decreasing function, the particle energy cannot
be reduced to 1 in practical calculations.
3. CHARGED PARTICLE ORBITING BLACK HOLE
WITHOUT RADIATION-REACTION
In this section we shortly summarize previous re-
sults related to the particle motion in the field of mag-
netized black holes presented in Kolosˇ et al. (2015);
Stuchl´ık & Kolosˇ (2016); Tursunov et al. (2016). The in-
terval in the Schwarzschild black hole spacetime in sper-
ical coordinates (t, r, θ, φ) reads
ds2 = −f(r)dt2+ f−1(r)dr2 + r2(dθ2+sin2 θdφ2), (19)
where M is the black hole mass and the function f(r) is
the lapse function given by
f(r) = 1−
2M
r
. (20)
Hereafter, without loss of generality we put the mass of
the black hole to be equal to unity, M = 1. Let us
consider the black hole immersed into external asymp-
totically uniform magnetic field. In the case when this
field is weak implying that the metric of Schwarzschild
black hole is not violated (see Eq.(1)), one can write the
solution of the Maxwell equation for the four-vector po-
tential of electromagnetic field Aµ in the following form
(Wald (1984))
Aφ =
B
2
gφφ =
B
2
r2 sin2 θ, (21)
which is the only nonzero component of four-vector po-
tential Aµ and B is the strength of the magnetic field
at spatial infinity, which is taken to be constant. The
antisymmetric tensor of the electromagnetic field Fµν =
Aν,µ−Aµ,ν in this case has only two independent nonzero
components
Frφ = Br sin
2 θ, Fθφ = Br
2 sin θ cos θ. (22)
3.1. Bounded motion around black hole
The motion of charged particles is described by the
Lorentz equation in curved spacetime. In case when the
radiative processes can be neglected, one can write for
the particle of mass m and charge q the Lorentz equation
of motion
Duµ
dτ
≡
duµ
dτ
+ Γµαβu
αuβ =
q
m
Fµνu
ν , (23)
where uµ is the four-velocity of the particle, normalized
by the condition uµuµ = −1, τ is the proper time of
the particle and components of Γµαβ are the Christoffel
symbols.
Symmetry of the Schwarzschild black hole (19) and ex-
ternal magnetic field give us a right to find the conserved
quantities associated with the time and space compo-
nents of the generalized four-momentum piα = pα + Aα.
Thus, the energy and angular momentum of the charged
particle in the presence of external uniformmagnetic field
take the following form
E=−pit = mf(r)
dt
dτ
, (24)
L=piφ = mr
2 sin2 θ
(
dφ
dτ
+
qB
2m
)
. (25)
In this case, the circular motion of charged particles is
always bounded in the plane orthogonal to the magnetic
field lines, which corresponds to the equatorial plane
θ = pi/2. The boundary of the motion is governed by
the shape of the effective potential, determined by the
equation
E2 = Veff(r, θ;L,B). (26)
Using the notation
E =
E
m
, L =
L
m
, B =
qB
2m
. (27)
we can write the effective potential in the form
Veff(r, θ) ≡ f(r)
[
1 +
(
L
r sin θ
− B r sin θ
)2]
. (28)
The effective potential (28) shows clear symmetry
(L,B) ↔ (−L,−B) that allows to distinguish the fol-
lowing two situations
- minus configuration, with L > 0,B < 0 (equiva-
lent to L < 0,B > 0) - magnetic field and angular
momentum parameters have opposite signs and the
Lorentz force is attracting the charge towards the
black hole.
+ plus configuration, with L > 0,B > 0 (equivalent
to L < 0,B < 0) - magnetic field and angular mo-
mentum parameters have the same signs and the
Lorentz force is repulsive, acting outward the black
hole.
The last case appears only in the combination of gravity
with electromagnetic field and cannot exist in flat space-
time (for details, see Kolosˇ et al. (2015); Tursunov et al.
(2016); Stuchl´ık & Kolosˇ (2016)). Particular trajectories
of charged particles in magnetized Schwarzschild black
hole are compared with radiating particle motion in Sec-
tion 5.
3.2. Charged particle oscillations
Charged particles can undergo stable quasi-harmonic
oscillations in radial and vertical directions in the vicinity
of magnetized black hole. In the case when the oscilla-
tions are small enough in comparison with the radius of
the corresponding stable circular orbit, one can find the
6Fig. 2.— Dependence of angular momentum L, energy E and azimuthal velocity uφ of a charged particle on the location of the circular
orbit r without radiation for different values of magnetic parameter B.
locally measured frequencies of vertical ωθ and radial ωr
oscillations equal to
ω2θ =
L2c
r4
− B2, (29)
ω2r =
1
(r − 2)r5
[
(r − 2)2
(
B2r4 + 3L2c
)
−2r
(
Br2 − Lc
)2
− 2r3
]
(30)
where Lc is the specific angular momentum at the circu-
lar orbit, for details see Kolosˇ et al. (2015). In addition
to the frequencies given above, one can find also the Kep-
lerian axial frequency ωφ and Larmor angular frequency
ωL which are given by
ωφ =
dφ
dτ
= Uφ =
Lc
gφφ
− B, ωL =
qB
m
= 2B. (31)
As one can see, the frequency ωL does not depend on r
coordinate and plays crucial role in the regions detached
from the black hole. The characteristic oscillations of
charged particles and representative plots of charged par-
ticle trajectories around Schwarzschild black hole can be
found in Fig.7 of paper Kolosˇ et al. (2015). For the par-
ticle to oscillate in the vicinity of a black hole, its energy
has to be larger than the minimum of the effective po-
tential, however, keeping the finite type of the motion.
Thus, the minimal energy of a charged particle in trapped
states corresponds to the stable circular orbits given by
the minimum of the effective potential (28). The maxi-
mal energy at the trapped states is given by the unstable
circular orbit with the corresponding angular momen-
tum. Energy of the charged particle at the circular orbit
is given by
E2± =
rf2
(r − 3)2
(
r − 3 + 2B2r3f ± 2Br
√
r − 3 + B2r4f2
)
,
(32)
where the signs correspond to the maximal and minimal
energy of a particle at the circular orbit, and f = 1−2/r
is the lapse function. The difference between E+ and
E− can be very large for large values of magnetic pa-
rameter B, representing the charged particles acceler-
ated up to ultrarelativistic velocities (Kolosˇ et al. (2015);
Stuchl´ık & Kolosˇ (2016)).
Some types of the quasi-circular epicyclic motion are
possible only in the presence of magnetic field. One of
the interesting and illustrative examples of the effect of
magnetic field on the charge particle motion in the black
hole background is the appearance of curled trajectories,
as demonstrated in Fig.4 which corresponds to the plus
configuration with repulsive Lorentz force. The conser-
vation of the angular momentum (25) in the absence of
radiation leads to the equation
φ˙ =
L
r2
− B. (33)
In the non-magnetic case, the right hand side of the equa-
tion above is positive for positive L. The presence of
magnetic field with B > 0 decreases the velocity in φ-
direction that can become negative, if
L > L∗(r;B) ≡ Br
2. (34)
For the energy, this condition means
E > E∗(L;B) ≡
√
1− 2
√
B/L. (35)
Thus, decreasing the azimuthal velocity of a particle with
the influence of magnetic field, and keeping the above
given conditions, we get so called curled trajectories,
which are not possible in the absence of magnetic field.
This type of orbits does not appear in the case of attrac-
tive Lorentz force corresponding to the minus configura-
tions.
In the next sections we show that the oscillations of
charged particles in magnetic field near a Schwarzschild
black hole will be damped due to the synchrotron radi-
ation and, in particular cases the charged particle orbits
will not be able to stay stable, bringing the particle to
the black hole due to the effect of the radiation reaction
force.
4. RADIATION REACTION IN THE FIELD OF
MAGNETIZED BLACK HOLES
4.1. Radiation-reaction force
7The motion of a relativistic charged particle is gov-
erned by the Lorentz-Dirac equation which includes the
influence of the external electromagnetic fields and cor-
responding radiation-reaction force. The last force arises
from the radiative field of the charged particle and the
equations of motion in general can be written in the form
Duµ
dτ
= q˜Fµνu
ν + q˜Fµνu
ν , (36)
where the first term on the right hand side of Eq.(36)
corresponds to the Lorentz force with electromagnetic
tensor Fµν given by (22), while the second term is the
self-force of charged particle with the radiative field
Fµν = Aν,µ − Aµ,ν . The vector potential of the self-
electromagnetic field of the charged particle satisfies the
wave equation
✷Aµ −RµνA
ν = −4pijµ, (37)
where ✷ = gµνDµDν , and Dµ is the covariant differenti-
ation and Rµν is the Ricci tensor. The retarded solution
to Eq.(37) for the vector potential takes the form
Aµ(x) = q
∫
Gµ+λ(x, z(τ))u
λdτ, (38)
where Gµ+λ is the retarded Green function and the in-
tegration is taken along the worldline of the particle z,
i.e., uµ(τ) = dzµ(τ)/dτ . For details, see, e.g. Poisson
(2004). The covariant generalization of the dynamics of
radiating charged particle in curved spacetime has been
derived in DeWitt & Brehme (1960) and completed in
Hobbs (1968), using the tetrad formalism. The explicit
form of Eq.(36) for the motion of charged particle under-
going radiation-reaction force in curved spacetime reads
Duµ
dτ
= q˜Fµνu
ν +
2q2
3m
(
D2uµ
dτ2
+ uµuν
D2uν
dτ2
)
+
q2
3m
(
Rµλu
λ +Rνλuνu
λuµ
)
+
2q2
m
fµνtail uν , (39)
where the last term of Eq.(39) is the tail integral
fµνtail =
∫ τ−0+
−∞
D[µG
ν]
+λ′
(
z(τ), z(τ ′)
)
uλ
′
dτ ′. (40)
Detailed derivation of the equations of motion of radi-
ating charged particles can be found in Hobbs (1968);
Poisson (2004). The integral in the tail term is evalu-
ated over the past history of the charged particle with
primes indicating its prior positions. All other quanti-
ties are evaluated at the current position of the particle
z(τ). The term containing the Ricci tensor vanishes in
the vacuum metrics, so this term is irrelevant in our case.
The existence of the ”tail” integral in (39) implies that
the radiation reaction in curved spacetime has non-local
nature, because the motion of the charged particle de-
pends on its whole history and not only on its current
state. The radiation field Fµν in Eq.(36), emitted by the
charged particle, interacts with the curvature of back-
ground spacetime and comes back to the particle with
a delay corresponding to the tail integral in (39). In
such sense, the radiated electromagnetic field of charged
particle carries the information about the history of the
particle. Even in the absence of external forces, such as
the Lorentz force, the free trajectory of the charged par-
ticle does not follow the geodesics, which is one of the
most important consequences of equation (39).
However, for purposes of the present paper, the
tail term can be neglected as we show below. The
tail terms can be estimated based on the results by
Dewitt & Dewitt (1964), Smith & Will (1980), as well
as multiple subsequent papers. For a particle with the
charge q and mass m, the ratio of the tail force Ftail ∼
GMq2/(r3c2) to the Newton-force FN ∼ GMm/r
2 in the
vicinity of a black hole (r ∼ rH = 2GM/c
2) of the stellar
mass M ∼ 10M⊙ is
Ftail
FN
∼
q2
mMG
∼ 10−19
(q
e
)2 (me
m
)(10M⊙
M
)
, (41)
where e and me are the charge and the mass of an elec-
tron. For supermassive black holes (SMBH) with the
mass M ∼ 109M⊙ this ratio is 8 orders lower. On the
other hand, the radiation reaction force (second term
on the right hand side of (39)) depends on the presence
of external force, arising in our case from the external
magnetic field. According to Piotrovich et al. (2011);
Baczko et al. (2016), the characteristic values of the mag-
netic fields near the stellar mass black holes and SMBH
are B ∼ 108G, for M = 10M⊙ and B ∼ 10
4G, for
M = 109M⊙. Thus, for the particle with velocity com-
parable to the speed of light, v ∼ c, the ratio of the radi-
ation reaction force FRR ∼ q
4B2/(m2c4) to the Newton-
force gives an order
FRR
FN
∼
q4B2MG
m3c8
∼ 103
(q
e
)4 (me
m
)3( B
108G
)2(
M
10M⊙
)
.
(42)
The ratio of FRR to FN for SMBH with M = 10
9M⊙
and magnetic field B ∼ 104G gives the same order of
magnitude.
The above estimations of the tail term apply in the
non-relativistic, or moderately relativistic case when the
Lorentz factor is of the order of unity. More general argu-
ment is based on the treatment of the gravitational self-
force in the Schwarzschild and Kerr spacetimes. As was
shown by one of the present authors in Gal’tsov (1982),
the radiative part of the self-force (based on the half-
difference of the retarded and advanced Green’s func-
tion) in the Kerr metric satisfies the (averaged on time)
balance equations for the energy and angular momen-
tum of radiation of all spins s = 0, 1, 2 in the sense that
local work of the self-force is equal to radiated fluxes
at infinity and the black hole horizon. This is valid
independently of the particle velocity and extends to
the ultrarelativistic case. Later on it was shown that
similar balance is valid for the Carter’s constant (Mino
(2003)), which completes the set of quantities determin-
ing geodesic motion in the Kerr field. The conservative
part of the self-force (half-sum of the retarded and ad-
vanced potentials) is more difficult to compute since this
demands proper elimination of divergences. This caused
a vivid discussion in the literature from the mid-90-ies
to early 2000-ies, nicely reviewed in Tanaka (2006) (for
more recent work on the same subject containing fur-
ther references see Fujita et al. (2017)), resulting in a
consensus opinion that this contribution is small with
respect to to radiative self-force especially with growing
8Lorentz factor (Pound et al. (2005); Sago et al. (2005)).
Therefore, if one is interested to estimate the gravita-
tional and electromagnetic tail terms in the ultrarela-
tivistic limit, using the above results one can revoke
the gravitational synchrotron radiation (GSR), which
was computed earlier for spins s = 0, 1, 2 most no-
tably in Chrzanowski & Misner (1974) and in Breuer
(1975) with comparison to flat-space synchrotron radi-
ation (SR). From these results one can see that GSR in
the ultrarelativistinc limit is suppressed by a square of
the Lorentz factor with respect to SR. These arguments
lead us to conclude that for elementary particles mov-
ing with any velocity in both gravitational and electro-
magnetic field the purely gravitational tail term can be
neglected in comparison with the electromagnetic (prop-
erly covariantized) radiation reaction force. Thus, for
purposes of the present paper, the equation of motion
(39) can be simplified to the following covariant form of
LD equation:
Duµ
dτ
= q˜Fµνu
ν + fµR, (43)
with the radiation reaction force given by
fµR =
2q2
3m
(
D2uµ
dτ2
+ uµuν
D2uν
dτ2
)
. (44)
Introducing the four-acceleration as a covariant deriva-
tive of four-velocity, aµ = Duµ/dτ , one can rewrite the
term D2uµ/dτ2 as follows
D2uµ
dτ2
≡
Daµ
dτ
=
daµ
dτ
+ Γµαβu
αaβ
=
d
dτ
(
duµ
dτ
+ Γµαβu
αuβ
)
+ Γµαβu
α
(
duβ
dτ
+ Γβρσu
ρuσ
)
=
d2uµ
dτ2
+
(
∂Γµαβ
∂xγ
uγuβ + 3Γµαβ
duβ
dτ
+ ΓµαβΓ
β
ρσu
ρuσ
)
uα.
(45)
Thus, the general relativistic equations of radiating
charged particle motion are given by Eqs (44) and (45).
However, the full form of the equations is plagued by
runaway solutions. One can avoid this problem in a sim-
ilar way, as in the flat spacetime case, namely reducing
the order of differential equations. In the absence of the
radiation-reaction force, the motion of the charged parti-
cle in external electromagnetic field is governed by equa-
tion (23). Taking the covariant derivative with respect
to the proper time from both sides of Eq.(23), we get
D2uα
dτ2
= q˜
DFαβ
dxµ
uβuµ + q˜2FαβF
β
µu
µ, (46)
Substituting (46) into Eq.(44), we get the radiation re-
action force in the form
fαR = kq˜
(
DFαβ
dxµ
uβuµ + q˜
(
FαβF
β
µ + FµνF
ν
σu
σuα
)
uµ
)
,
(47)
where the covariant derivative from the second rank ten-
sor reads
DFαβ
dxµ
=
∂Fαβ
∂xµ
+ ΓαµνF
ν
β − Γ
ν
βµF
α
ν . (48)
Equations (43) and (47) give a covariant form of Landau-
Lifshitz equations. Below we test these equations in par-
ticular case of the motion of charged particles around
Schwarzschild black hole immersed into external asymp-
totically uniform magnetic field.
The motion of charged particles in the vicinity of
magnetized Schwarzschild black hole is generally chaotic
Kopa´cˇek & Karas (2014); Kopa´cˇek et al. (2010). How-
ever, close to the minimum of the effective potential,
which corresponds to the stable circular orbit, the mo-
tion of the charged particle is regular, being of harmonic
character. The motion is also regular, if the particle is
moving entirely in the equatorial plane and the chaotic
behaviour appears with increasing the inclination angle.
Here, we focus our attention on the regular motion only.
In order to represent the equations of motion explicitly,
we fix the plane of the motion at the equatorial plane,
θ = pi/2, of a magnetized black hole. However, for ex-
ploring the trajectories of particles, we use the full set of
equations of motion and solve them numerically. With-
out loss of generality, one can again equalize the mass of
a black hole to unity, M = 1. The non-vanishing com-
ponents of equations of motion of radiating charged par-
ticles moving around Schwarzschild black hole immersed
into external asymptotically uniform magnetic field take
the following form
dut
dτ
=
2utur
r(2 − r)
−
2kBut
r
{
2Brf
[
f(ut)2 − 1
]
− uφ
}
, (49)
dur
dτ
= uφ(2Brf + r − 1)−
1
r2
−
2kBur
r
{
2Brf2(ut)2 − uφ
}
, (50)
duφ
dτ
= −
2ur
(
uφ + B
)
r
+
2kB
r3
[
r2(uφ)2 + 2Br3f2(ut)2uφ + 1
]
, (51)
where f is the lapse function given by (20), B = qB/(2m)
is the magnetic parameter and k = 2q2/(3m) is the ra-
diation parameter.
4.2. Energy and angular momentum loss
The total energy-momentum radiated by the charged
particle is equal to the integral of the radiation reac-
tion force taken along the worldline of the particle. In
flat spacetime, the radiated four momentum of a particle
with charge q is given by dPµ/dτ = 23q
2aαaαu
µ. Syn-
chrotron radiation in curved spacetime has been studied,
9in Sokolov et al. (1983), Sokolov et al. (1978) using co-
variantization of the flat space results. The problem has
been revisited more recently in Shoom (2015), where,
however, the radiation reaction force is not taken into
account. The evolutions of the particular components of
the four-momentum of the particle with radiation reac-
tion force can be found from equations (43) and (47).
For the motion at the equatorial plane, the energy loss
is given by
dE
dτ
= −2kB
[
2BE3 − E
(
2Bf +
uφ
r
)]
. (52)
For ultrarelativistic particle with E ≫ 1, the leading con-
tribution to the energy loss is given by the first term in
square brackets of (52). However, for small velocities
close to the stable circular orbits, the last two terms can
play significant role. Both situations will be studied in
details in the following section. Similarly, one can find
the rate of angular momentum loss as
dL
dτ
= 4B2kuφ
(
f2(ut)2 − f
)
−2uruφ
(
r − 4B2k2
)
+2rBur.
(53)
In the next section we will test the equations of mo-
tion numerically for general bounded motion of radiat-
ing charged particle without restriction to the equatorial
plane.
5. DAMPING OF OSCILLATIONS
In this section we study the damping of charged par-
ticle oscillations due to radiation reaction force for both
”+ ” and ”− ” configurations. In particular, we demon-
strate that the particles at ” − ” configurations spiral
down to the black hole, while at ”+ ” configurations the
motion remains stable. In the subsection 5.3, we study
the evolution of circular orbits under the influence of self
force. We show that in such a case the circular orbits
can be shifted outwards from the black hole.
As pointed out in Section 3, depending on the direc-
tion of the Lorentz force one can distinguish two qualita-
tively different types of the motion. In a radiating case
one can see such differences as well. The motion along
a general worldline highly depends on the initial energy
and the position of the particle. Radiation effect on the
charged particle motion also has different timescales de-
pending on whether the particle is initially oscillating or
not. The representative comparison of trajectories of os-
cillating charged particle in the presence and absence of
radiation reaction force is illustrated in Fig.3 for attrac-
tive Lorentz force and in Fig.4, for repulsive one. Note
that the trajectories represented in Figs. 3 and 4 are
plotted by integration of the full form of equations of
motion (43) and (47) without restriction to the equato-
rial plane. In both cases, the motion of the charge is
initially bounded. The charged particle starts its motion
slightly above the equatorial plane (keeping regular char-
acter of the motion) in the vicinity of weakly magnetized
Schwarzschild black hole. The initial energy and angular
momentum of the particle correspond to the state close,
but above the minimum of the effective potential which
generates barrier where the particle bounces. Due to the
action of the radiation reaction force, the charged particle
changes its oscillatory character of the motion because of
the loss of the energy and angular momentum. The final
state of the charged particle depends on the direction of
the Lorentz force. For the Lorentz force directed towards
the horizon of the black hole, the synchrotron radiation
leads to the collapse of the initially stable particle into
the black hole (see Fig. 3). In the inverse case, when the
Lorentz force is directed outwards the horizon (compen-
sating thus the ”gravitational attraction”), the particle
remains in the bounded region in the vicinity of the black
hole. On the other hand, loss of the energy of the par-
ticle leads to the disappearance of curled trajectories as
well as any oscillations, as shown in Fig. 4.
Another representative example of the dependence of
the trajectories on the alignment of the external magnetic
field is shown in Figs. 5 and 6, where the initial condi-
tions differ only in the sign of the magnetic parameter B,
while the other parameters are chosen to be the same. As
before, for the attractive Lorentz force, the charged par-
ticle spirals down to the black hole (Fig.5), while in the
repulsive case, the motion is stable (Fig.6). Stability of
the plus configurations against collapse can be explained
due to the reason that a radiating particle is assumed to
be accelerated by the external Lorentz force only. This
implies that the radiation reaction in fact decreases the
gyroradius of the radiating particle. In the case when the
Lorentz force is directed outwards the black hole, the gy-
rocenter of oscillating charged particle is located near its
orbit (center of ”curls”), while in the case of minus con-
figuration, the gyrocenter of the orbit is located inside
the horizon (it coincides with a black hole singularity for
the circular motion). Indeed, from the analogy with the
flat spacetime formula (5), the sign of the radiation reac-
tion force depends on the alignment of the Lorentz force
due to the reduction of order procedure performed in the
beginning. Thus, the ”Lorentz-repulsive” case with radi-
ation reaction represents damping of oscillations, turning
the oscillatory epicyclic type of motion to nearly circu-
lar orbit. A strong non-linearity of equations of motion
shifts the location of stable circular orbits as well, how-
ever, as we will see below, this effect is relatively slow in
comparison to the process of radiative damping of oscilla-
tions. One can conclude that for relatively short periods
of time an oscillating charged particle, undergoing repul-
sive Lorentz force and radiation reaction force will damp
its oscillations settling down to the circular orbit. This
result is represented in Fig.7, being in accord with the
qualitative predictions given in Shoom (2015).
5.1. Evolution of energy and angular momentum
In fact, the synchrotron radiation carries out the ki-
netic energy of the particle. One can see in E − τ plots
of Fig.5 and Fig.6, that the energy slightly decreases in
both cases. However, the azimuthal angular momentum
of the particle changes differently in dependence on the
direction of the Lorentz force. While in the minus con-
figurations the charged particle decreases its angular mo-
mentum due to radiation, in the plus configurations the
angular momentum quasi-periodically increases. Quasi-
periodicity is connected with the quasi-harmonic oscilla-
tions of the particle in the motion with ”curls”. Increase
of the angular momentum of the particles in the plus
configurations becomes clear if one compares the angular
momentum of charged particles in the motion with curls,
L∗ given by (34), with those of the circular orbits given
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Fig. 3.— Representative comparison of trajectories of non-radiating (first line) and radiating (second line) charged particles with minus
configuration corresponding to the attractive Lorentz force from different view angles around black hole in magnetic field. Initial conditions
in both cases are chosen to be same and shown in the second row plots. Starting point is indicated by black dot. A radiating charged
particle escapes the initial boundary of the motion (dashed contours in the third row) governed by an effective potential (28) and collapses
to the black hole due to the loss of angular-momentum. Magnetic field is aligned with z - axis. Trajectory of radiating charged particle
corresponds to the integration of full set of equations of motion (43) and (47) without fixing the plane of the motion.
Fig. 4.— Similar to Fig.3 comparison of trajectories of non-radiating and radiating charged particles in case of repulsive Lorentz force,
i.e. plus configuration. A radiating particle stays in the region of initial boundary of the motion and radiates its oscillatory part of
energy-momentum tending to the stable circular orbit.
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Fig. 5.— Spiralling down to the black hole of charged particle due to radiation reaction of aminus configuration particle, and corresponding
evolution in local time τ of the radius of orbit r, angular momentum L, energy E, the radial velocity ur, the angular azimuthal velocity uφ
and gamma factor ut ≡ dt/dτ ≡ γ. The angular momentum and energy are measured with respect to observer at rest at infinity. Starting
point of the particle is indicated as black dot.
Fig. 6.— Decay of oscillations due to radiation reaction of a plus configuration particle, and corresponding evolution in time τ of the radius
of orbit r, angular momentum L, energy E, the radial velocity ur, the angular azimuthal velocity uφ and gamma factor ut ≡ dt/dτ ≡ γ.
The angular momentum and energy are measured with respect to observer at rest at infinity. Starting point of the particle is indicated as
black dot.
Fig. 7.— Damping of oscillations due to radiation reaction of a plus configuration particle, and transition from curled motion to the
nearly circular orbit. Corresponding evolution of the radius of orbit r, angular momentum L, energy E, the radial velocity ur , the angular
azimuthal velocity uφ and gamma factor ut ≡ dt/dτ ≡ γ are represented as in previous plots. The angular momentum and energy are
measured with respect to observer at rest at infinity. Starting point of the particle is indicated as black dot.
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Fig. 8.— Number of revolutions of the oscillating charged particle
around black hole given as a ratio of the maximal decay time to
the orbital time in dependence on the magnetic parameter B and
different values of radiation parameter k.
by Kolosˇ et al. (2015)
Lc =
−Br2 + r
√
B2r2(r − 2)2 + r − 3
r − 3
. (54)
Let us now assume that the initial angular momentum of
the particle is ≈ L∗, while the angular momentum at the
final state is nearly equal to those of the stable circular
orbit, ≈ Lc. From the fact that that Lc > L∗ (see details
in Kolosˇ et al. (2015)) one can conclude that the parti-
cle is actually gaining an angular momentum by reduc-
ing radial oscillations due to radiation reaction force. In
the minus configurations, the trajectories with curls, i.e.
the regions with negative angular velocity cannot be ob-
served. Therefore, a charged particle initially located at
a bounded orbit around a black hole continuously loses
its angular momentum due to radiation reaction force.
When angular momentum of the particle becomes lower
than the one corresponding to the innermost stable cir-
cular orbit (ISCO), L < LISCO, the particle collapses to
the black hole. The value of angular momentum at ISCO
is given by Kolosˇ et al. (2015)
LISCO = −2BrI +
√
B2r2I (5r
2
I − 4rI + 4) + 2rI , (55)
where rI is the ISCO radius. Detailed analysis of the
boundaries of angular momentum separating different
types of orbits in the vicinity of magnetized black holes
can be found in Kolosˇ et al. (2015) for non-rotating black
holes and in Tursunov et al. (2016) for magnetized Kerr
black hole.
5.2. Lifetime of oscillations
One can calculate the relaxation time τ of a charged
particle required for decay of the radial oscillations due
to radiation reaction force. Calculation of the relaxation
time makes sense in the plus configurations only, when
the radiation reaction does not cause the particle collapse
to the black hole. The rate of the energy loss can be
written as
E˙ =
Ef − Ei
τ
, (56)
where Ei and Ef are the initial and final energies of the
particle. For the particle with velocity close to the speed
of light, v ∼ c, the leading contribution for the energy
loss is given by the first term of the expression (52), which
can be solved analytically giving
dE
dτ
= −4B2kE3, E(τ) =
Ei√
1 + 8B2kE2i τ
. (57)
Extracting τ from (57) at the final energy, we get
τ =
1
4kB2
E2i − E
2
f
E2i E
2
f
. (58)
One can find the upper limit of the relaxation time re-
quired to lower the maximal energy at the bounded orbit
to the lowest energy corresponding to the circular orbit,
where no oscillations exist. Thus, identifying Ei = E+
and Ei = E−, given by (32), and assuming locations of ex-
trema rEmax ≈ r
E
min = r (indeed, according to Kolosˇ et al.
(2015), for large values of B the locations of extrema are
very close), we get
τmax =
√
r − 3 + B2f2r4
kB (1 + 4B2r2) f2
. (59)
Note that this equation corresponds to the particles with
ultrarelativistic velocities. This implies that for large
values of magnetic parameter B, one can write Eq.(59)
in the following simple form
τmax ≈
1
kB2f(r)
, B ≫ 1, (60)
where f(r) = 1 − 2M/r is the lapse function. In partic-
ular, this equation shows that closer to black hole, the
decay of oscillations of charged particle is slower.
It is useful to compare the maximal relaxation time
τmax of the charged particle oscillations with the orbital
time of a charged particle around black hole. The or-
bital frequency ωφ is defined in Eq.(31). Considering the
stable circular orbits at the equatorial plane, we get the
time of one revolution around the black hole in the form
τc =
2pir2
Lc − Br2
, (61)
where Lc is given by (54). Dividing (59) by (61), we get
the maximal number of revolutions around black hole
during which the radial oscillations decay
Nmax ≡
τmax
τc
=
BrA
pik(r − 2)2 (4B2r2 + 1) (Br(r − 2) +A)
,
(62)
where A =
√
r − 3 + B2r2(r − 2)2. The dependence of
Nmax on the magnetic parameter B is given in Fig.8, for
different values of the radiation parameter k. Since both
the parameters B and k depend on the specific charge
of the charged particle, the parameters are not really in-
dependent. This implies that the parameter k can be
expressed as fraction of the parameter B. As one can see
from Fig.8, the radiation reaction of the charged particle
cannot be neglected even for small values of the param-
eter k. For large values of B, initially oscillating charged
particle may decay its radial oscillations ending up at
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Fig. 9.— Damping of vertical oscillations of a charged particle revolving near the circular orbit of a black hole in magnetic field and
corresponding evolution in time τ of the angle θ, angular momentum L, energy E, the vertical velocity uθ, the angular azimuthal velocity
uφ and gamma factor ut ≡ dt/dτ ≡ γ. The angular momentum and energy are measured with respect to observer at rest at infinity.
Starting point of a particle is indicated as black dot.
Fig. 10.— Radiative widening of the stable circular orbit of a
charged particle due to radiation reaction force. Starting point of
a particle is indicated as black dot.
the circular orbit pathing only fraction of the total or-
bit around the black hole. The estimations of both the
parameters B and k, and the lifetime of the charged par-
ticle oscillations in realistic scenarios for electrons and
ions will be given in Sec. 6.
Equations of motion (43) and (47) allow us to repeat
the calculations of the damping of vertical oscillations
(in θ) of charged particles as well. In the case when
the initial velocity of a particle is ultrarelativistic, the
leading term responsible for the radiation reaction for all
components of velocities is the last term of Eq.(47). This
implies that the decay rate of the vertical oscillations
of charged particle is similar to the decay rate of the
radial oscillations. The representative plots of relevant
parameters of charged particles during decay of vertical
oscillations is presented in Fig.9.
5.3. Circular orbit widening
Another new consequence of the radiation reaction
force in the vicinity of a black hole and in presence of
external magnetic field is the evolution of the circular
Fig. 11.— Evolution of radial position of charged particle in time
for two configurations corresponding to trajectories illustrated in
Figs 5 and 6.
orbits of charged particles during the radiation process
and shifting of the radius of circular orbit outwards from
the black hole. Obviously, the last case can be realized
for repulsive Lorentz force only, while in attractive case,
as we have already seen, the particle spirals down to the
black hole and no closed circular orbits can be formed.
Let us consider a purely circular motion of a charged par-
ticle revolving around black hole at the equatorial plane,
in presence of uniform magnetic field (see Fig.10). While
small oscillations can appear, they will be dumped rel-
atively fast and the energy of the particle can be con-
sidered to be always located near the minimum of the
effective potential corresponding to the circular orbits.
The radiation reaction force in the frame moving with
the particle vanishes, however, in the locally geodesic
frame of reference, the self force is directed anti-parallel
to the particle velocity and concentrated in the narrow
cone along the motion. This implies that, in fact, the ra-
diation reaction reduces the angular velocity of the par-
ticle. Reducing the angular velocity while keeping the
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circular character of the motion causes the increasing of
the radius of the circular orbit. This, in turn, increases
the particle energy and angular momentum with respect
to the observer at rest at infinity. Indeed, the energy
and angular momentum of the charged particle for an
observer at infinity are given as
E =
(
1−
2
r
)
ut, (63)
L = r2
(
uφ + B
)
, (64)
which are not conserved for radiating particles. When
the radius of the orbit r increases faster than the de-
celeration of velocities ut and uφ, then the energy and
angular momentum of the charged particle will increase
accordingly. Example of the widening of the circular or-
bit of radiating charged particle is illustrated in Fig.10.
Note that the parameter responsible for the radiation re-
action k is taken to be unrealistically large in order to
obtain representative plot, since for small values of the
parameter k due to slowness of the process the shift of
the orbit would be barely seen.
The process of the expansion of circular orbits is much
slower in comparison to the process of decay of the os-
cillations. Representative changes of the positions of
charged particles in time for attractive and repulsive
Lorentz forces are demonstrated in Fig.11. In the case of
the attractive Lorentz force (B < 0), the charged particle
plunges to the black hole, as described in the previous
section. The wiggles in B < 0 case appear due to the
precession of the particle around circular orbit, as can
be also seen in r − τ plot of Fig.5. In the repulsive case,
the particle starts to oscillate inside a barrier given by
the effective potential at a given moment of time. Due
to the radiation reaction force, it decays its oscillations
ending up at a circular orbit with larger radius than the
initial position. At the circular orbit, particle continues
to slow down its orbital velocity, keeping the stable mo-
tion which affects on the location of the circular orbit,
shifting it towards infinity. Note that the timescale of
the plot is logarithmic, which implies that the process of
shifting of the particle circular orbits is relatively slow.
The energy loss of this process is given by (52), where
all terms are important since the motion is not neces-
sarily ultrarelativistic. Since all quantities in (52) are
implicit functions of time, one can rewrite this equation
in the form
E˙ = −A1E
3 +A2Ex(τ), (65)
where dot denotes the derivative with respect to the
proper time τ , A1 = 4kB
2 and A2 = 2kB are constants
and x(τ) = 2kBf(τ) + uφ(τ)/r(τ). The analytical form
of the solution is found to be
E(τ) =
Eie
A2X(τ)(
1 + 2A1E2i
∫ τ
0 e
2A2X(τ ′)dτ ′
) 1
2
, (66)
where X(τ) =
∫ τ
0 x(τ)dτ . The equation (65) can be
solved numerically for the given set of equations of mo-
tion, and it is performed for all E −τ dependence plots of
the present paper. The detailed analysis of the effect of
radiative widening of orbits is left for our future studies.
6. RELEVANCE TO ASTROPHYSICS
B (Gauss) τe (s) τp (s)
1012 10−16 10−6
108 10−8 102
104 1 1010
1 108 101
10−4 1016 1026
TABLE 1
Typical decay times of electrons τe and protons τp
orbiting a black hole for different values of magnetic
field B.
In order to relate our results to realistic astrophysical
scenarios, we perform the estimations of relevant param-
eters of the discussed model. Even thought the magnetic
field does not violate the geometry of the background
spacetime, satisfying the condition (1), one cannot ne-
glect its effect on the motion of charged particles due to
the large values of the specific charge (charge per mass
ratio) for elementary particles. Restoring the world con-
stants, the dimensionless parameter B, widely used in
the present paper, takes the form
B =
|q|BGM
2mec4
, (67)
reflecting the relative influence of the gravitational and
magnetic fields on the charged particle motion. Accord-
ing to Piotrovich et al. (2011); Baczko et al. (2016), the
characteristic values of the magnetic fields near the stel-
lar mass and supermassive black holes are B ∼ 108G,
for M = 10M⊙ and B ∼ 10
4G, for M = 109M⊙. For
electrons, one can estimate the parameter B as
BBH ≈ 4.32× 10
10 for M = 10M⊙, (68)
BSMBH ≈ 4.32× 10
14 for M = 109M⊙. (69)
As a representative example one can estimate the pa-
rameter B for an electron in the vicinity of the super-
massive black hole (SMBH) at the center of the Milky
Way, which is currently the best studied SMBH candi-
date. The equipartition strength of the magnetic field
near the Galactic Center is usually considered to be of
tens of Gauss (Johnson et al. (2015)). Moreover, multi-
frequency measurements of pulsar near the Galactic Cen-
ter by Eatough et al. (2013) demonstrate the existence
of strong magnetic field of few hundred Gauss near the
event horizon of SMBH. The mass of the black hole can-
didate is measured to be 4.3 × 106M⊙ (for more de-
tails about Sgr A*, see recent review by Eckart et al.
(2017)). Thus, the parameter B for the electron sur-
rounding SMBH at the center of our Galaxy can be es-
timated as
BSgrA∗ ≈
|e|BGM
2mec4
≈ 1.86× 1010, (70)
For protons, the values of B in (68) - (70) are lower by
the factor mp/me ≈ 1836. Large values of the parameter
B in realistic scenarios imply that the effects of magnetic
field on the dynamics of charged particles play one of the
essential roles.
Radiation reaction force acting on a charged particle is
represented by the dimensionless parameter k which has
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the form
k =
2
3
q2
mGM
. (71)
The value of parameter k is much lower than those of
B. For electrons orbiting stellar mass and supermassive
black holes we have respectively
kBH ∼ 10
−19 for M = 10M⊙, (72)
kSMBH ∼ 10
−27 for M = 109M⊙. (73)
For electron around Sgr A*, we have kSgrA∗ ∼ 10
−25.
For protons, the values of k parameter is lower by the
factor mp/me ≈ 1836 as in case with B. Despite the
weakness of parameter k as compared to B, it enters
into the equations for ultrarelativistic particles as kB2,
which can make the effect of the radiation reaction force
considerably large.
One can estimate the timescale of the decay of charged
particle oscillations. Typical orders of magnitude of the
oscillation decay time of an electron and proton orbiting
black hole are given in Tab.1. One can compare these val-
ues with the timescale of one orbit of particle τc around
stellar mass and supermassive black holes. For the orbit
at ISCO we have
τc ∼ 10
−3s, for M = 10M⊙, (74)
τc ∼ 10
4s, for M = 109M⊙, (75)
For Sgr A* the electron decay time is about 104 s, while
orbiting time at ISCO is ∼ 103 s. It is interesting
to note that for ions the decay time of oscillations is
much less than for electrons, namely for the factor of
(mp/me)
3 ∼ 1010. Thus, one can conclude, that the ra-
diation reaction of electrons can be quite relevant for the
astrophysically plausible magnetic fields providing rea-
sonable decay times, while radiation reaction of ions can
be relevant only in the presence of magnetic fields much
stronger than those corresponding to black holes, e.g., in
the vicinity of neutron stars.
Estimations of the timescale of the radiative widening
of charged particle orbit show that this process is slower
than the damping of oscillations due to radiation reaction
for about 1010 times in average, for the values of param-
eters B and k given by equations (72) and (68). However
in some astrophysical scenarios with large magnetic fields
this process can be potentially measured.
The radiation reaction and related decay time of par-
ticle oscillations can have a significant effect in plasma
surrounding black hole, when the decay time of charged
particle becomes smaller than the average time between
collisions of particles in plasma.
7. SUMMARY
We have studied the radiation reaction of charged par-
ticles moving around Schwarzschild black hole immersed
into external asymptotically uniform magnetic field. We
started analysis from the study of the motion in flat
spacetime, described by the Lorentz-Dirac equation and
by its reduced form – the Landau-Lifshitz equation. We
have tested both equations numerically and found that in
the simplified framework of the asymptotically uniform
magnetic field both approaches lead to the same result.
The Landau-Lifshitz equation is more convenient as it is
a second order differential equation which can be solved
in usual manner, while for the Lorentz-Dirac equation we
have to perform the integration of dynamical equations
backwards in time, in order to avoid the exponential in-
crease of computational error.
We have shown that the tail term appearing in the gen-
eral formalism for the motion in curved spacetime can
be neglected in the presence of magnetic field. Vanish-
ing the Ricci term for Schwarzschild black hole case en-
ables to use the covariant form of the Lorentz-Dirac equa-
tion or its reduced form – the covariant Landau-Lifshitz
equation. The motion of charged particles around non-
rotating black hole in the presence of external uniform
magnetic field can be classified into two different types,
differing by the orientation of the Lorentz force directed
towards and outwards from the black hole, which we
called as minus and plus configurations, respectively. We
concentrated attention on the quasi-bounded orbits char-
acterized by the presence of maxima and minima of the
effective potential. In such orbits, the charged particles
can undergo the stable quasi-harmonic oscillations in the
radial and vertical directions. We have shown that the
presence of the radiation reaction force leads to the de-
cay of the particle oscillations, while the decay time in-
creases as the orbit approaches to the black hole. The
final state of the particle depends on the orientation of
the Lorentz force with respect to the black hole. In case
when the Lorentz force is directed towards the black hole,
the radiation reaction leads to the fall of the charged par-
ticle from initially stable orbit into the black hole. In-
versely, when the Lorentz force is repulsive, the orbit of
the charged particle remains bounded while oscillations
decay.
We have shown that in the absence of oscillations, the
radiation reaction force can shift the circular orbits out-
wards from the black hole. This can occur only in case
when the Lorentz force is repulsive. While the stability
of the circular orbit is conserved, the radiation reaction
acting against the particle motion leads to decreasing of
the linear velocity of the particle which in turn leads
to the widening of the orbit. Even though the kinetic
energy of a particle decreases due to the synchrotron ra-
diation, its potential energy increases faster due to the
widening of the orbit. One can find efficiency of this
process defined as the ratio between the gain energy re-
quired for the shifting the particle from ISCO to infinity
to its final energy. The value of the efficiency depends
on the initial position of the particle and the parame-
ters B and k, which are governing the magnetic field and
radiation reaction force, respectively. The efficiency can
reach the values, close to the maximal 100%. The max-
imal efficiency, however can never be achieved, since it
would require B → ∞, and the ISCO would coincide
with the black hole horizon. In the absence of magnetic
field, the formal efficiency of mechanical process of shift-
ing the particle orbit from infinity to the ISCO is 5.7%.
One needs to note that the process of widening of orbits
is many orders of magnitude slower that the process of
cooling of the particle oscillations. The physical mecha-
nism causing the gain in energy requires further investi-
gations.
We have estimated the relevant parameters of the
model as well as the decay times of the particle oscil-
lations for typical values of the magnetic field for stellar
mass and supermassive black holes. Assuming the test
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particle as an electron, we have found that the values of
the decay times are reasonable and can be measured in
most of the astrophysical scenarios. Despite to the slow-
ness of the process of the radiative widening of orbits the
estimations show that for stellar mass black holes in the
presence of magnetic fields of order 108G and more, the
widening of orbits can be potentially measured.
We expect that our results can be relevant in treating
variety of astrophysical phenomena observed in micro-
quasars or active galactic nuclei, containing stellar mass
or supermassive black holes. These results can put rele-
vant limits on validity of recent models of high-frequency
quasi-periodic oscillations (HF QPOs), or motion of jets
observed in microquasars. The limits implied by the ra-
diation reaction forces can be clearly relevant for both
the magnetized geodesic models of HF QPOs discussed
in Kolosˇ et al. (2017); see also Stuchl´ık et al. (2013), or
the string loop models of jets or HF QPOs discussed
in Jacobson & Sotiriou (2009); Stuchl´ık & Kolosˇ (2012);
Kolosˇ & Stuchl´ık (2013); Tursunov et al. (2014).
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